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Competence-based knowledge structure theory (CbKST) allows for uncovering the attributes (skills, 
abilities, symptoms of a disorder) that an individual possesses based on their responses to each of the test 
items. As such, it represents a sharp departure from classical test theory (CTT) and item response theory 
(IRT), which aggregate information across items by forming a test score. Although relevant applications 
of CbKST can be found, CTT and IRT are currently much better known and utilized than CbKST, likely 
because the latter is more recent. This work aims to contribute to the dissemination of CbKST by illus-
trating the main characteristics of an assessment conducted within this framework. Two applications are 
presented that differ in terms of the area of assessment (educational or clinical), the type of test used 
(conjunctive or disjunctive), and the informativeness of the test regarding the possession of attributes 
(fully informative or nonfully informative). It is demonstrated how, within CbKST, it is possible to eval-
uate the confidence with which the attributes possessed by an individual are uncovered and to develop 
personalized interventions. 

Keywords: Competence-based knowledge structure theory; Educational assessment; Clinical assessment; 
Skills; Symptoms of a disorder.  
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Classical test theory (CTT; Algina & Penfield, 2009; Allen & Yen, 2001; Novick, 1966) and item 

response theory (IRT; Embretson & Reise, 2020; Hambleton et al., 1991; Lord, 1980) aggregate information 

across items by forming a test score that reflects an individual’s level on the variable under investigation. An 

assessment conducted within these frameworks might identify a student’s level of knowledge in algebra or 

a patient’s level of depression. Competence-based knowledge structure theory (CbKST; Doignon, 1994; Fal-

magne et al., 1990; Korossy, 1999) represents a sharp departure from these approaches, as it aims to deter-

mine whether the individual possesses certain attributes (skills, abilities, symptoms of a disorder) based on 

their responses to each of the test items. An assessment carried out within CbKST might identify the algebraic 

concepts mastered by the student or the symptoms of depression exhibited by the patient.  
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CTT and IRT are well known and widely applied in several areas of assessment (Bacherini et al., 2024; 

Butcher et al., 1989; Colledani et al., 2018, 2019a, 2019b, 2024; Hubin, 1988; Tassé et al., 2016). In contrast, 

CbKST is less known and utilized than the other two, likely because it was introduced more recently (the first 

appearance was in Falmagne et al. in 1990). However, relevant applications of CbKST can be found. Tests have 

been developed to assess different domains, including basic statistics (de Chiusole et al., 2018), mathematiza-

tion (Anselmi, Heller, Stefanutti, Robusto, & Barillari, 2024), inductive reasoning (Albert & Held, 1999), fluid 

intelligence (de Chiusole et al., 2024), and depression (Serra et al., 2015). One notable software implementation 

in the field of educational assessment is Stat-Knowlab (statistic-knowledge laboratory; de Chiusole et al., 2020), 

a noncommercial intelligent tutoring system for assessing and learning basic statistics. Developed at the Uni-

versity of Padua, Stat-Knowlab has been used by over 20,000 students in basic statistics courses and has proven 

useful for monitoring their learning processes. Thanks to an EU grant, Stat-Knowlab has been translated into 

English and expanded with new courses for international use (http://qhelp-knowlab.eu/). Another software im-

plementation is PsycAssist (psychological assistant; de Chiusole et al., 2024, https://psycassist.fisppa.unipd.it/), 

a web-based artificial intelligence system designed for neuropsychological assessment and training. Developed 

as part of an Italian project funded by the Ministry of Research and University, PsycAssist assesses executive 

functions and fluid intelligence in both Italian and English. Researchers can rely on these and other available 

tests and software for further applications of CbKST.  

This work aims to contribute to the dissemination of knowledge about CbKST by illustrating the 

main characteristics of an assessment conducted within this framework. To provide a broad picture, two 

applications are presented that differ in terms of the area of assessment (educational or clinical), the type of 

test used (conjunctive or disjunctive), and the informativeness of the test regarding the possession of attrib-

utes (fully informative or nonfully informative). The application in educational assessment is based on the 

responses of primary school students to a test assessing the mastery of arithmetic skills. The application in 

clinical assessment is based on the responses to a test that assesses the presence of social phobia symptoms. 

Both conjunctive and disjunctive tests are considered. In conjunctive tests, it is necessary to possess all the 

attributes associated with a certain item to solve it. In disjunctive tests, it is sufficient to possess any one of 

the attributes associated with an item to solve it. Conjunctive tests are deemed more suitable in educational 

assessments, where the solution of an item is usually broken into a series of steps that must all be carried out 

correctly. For example, a student must correctly determine both the probability of the complement of an 

event and the total probability to solve the probability theory item “Given two events A and B in a sample 

space S, the following probabilities are known: P(A ∩ B) = .86; P(A ∩ B′) = .02. Find P(A′)” (X′ denotes the 

complement of event X; Robusto et al., 2010). Disjunctive tests are considered more suitable in clinical as-

sessments, where a disorder may be diagnosed based on the presence of only one of its symptoms (Roussos 

et al., 2007; Templin & Henson, 2006). For example, two of the 10 diagnostic criteria for pathological gam-

bling from the Diagnostic and Statistical Manual of Mental Disorders IV Text Revision (American Psychi-

atric Association, 2000) are “Having committed illegal acts such as forgery, fraud, theft, or embezzlement 

to finance gambling” (Criterion 8) and “Relying on others to provide money to relieve a desperate financial 

situation caused by gambling” (Criterion 10). It is sufficient for an individual to meet one of these two criteria 

to respond affirmatively to the item “Gambling has hurt my financial situation” (Templin & Henson, 2006). 

A fully informative test allows for uniquely uncovering the attributes an individual possesses based on their 

responses to test items, whereas a nonfully informative test does not guarantee that these attributes can be 

uniquely identified. As shown below, the arithmetic test used in the educational assessment application is 

conjunctive and nonfully informative, while the social phobia test used in the clinical assessment application 

is disjunctive and fully informative. 
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This work is organized as follows. First, the basic concepts and characteristics of an assessment 

within CbKST are illustrated. Next, the two applications in educational and clinical assessment are presented. 

The potential for planning personalized interventions, which derives from considering the attributes an indi-

vidual possesses rather than relying solely on their test score (here defined as sum score), is highlighted. Fi-

nally, the argument regarding CbKST assessment is extended in several directions. In this work, terminology 

often refers to an assessment in education. Thus, the attributes assessed are called skills, and the responses to 

the items are denoted as correct or incorrect. However, in the application regarding social phobia, the attributes 

are referred to as symptoms, and the responses to the items are denoted as affirmative or negative. 

 

 

ASSESSMENT WITHIN COMPETENCE-BASED KNOWLEDGE STRUCTURE THEORY 

 

CbKST is a mathematical theory for assessing the skills an individual masters based on their responses 

to test items. It extends knowledge structure theory (KST; Doignon & Falmagne, 1985), with the main differ-

ence being that KST focuses on the items an individual is capable of solving, whereas CbKST emphasizes the 

skills that the individual masters, which enable them to solve those items. The collection of all skills mastered 

by an individual is referred to as the individual’s competence state. The collection of all competence states 

existing within a population of individuals constitutes a competence structure (Korossy, 1999). An assessment 

conducted within CbKST aims to identify an individual’s competence state based on their responses to test 

items. This section illustrates the main characteristics of a test based on CbKST, the validation of the compe-

tence structure and the test on empirical data, and the identification of an individual’s competence state from 

item responses. Two useful software packages for applying the following methods and analyses are the KST 

toolbox in MATLAB (Brancaccio et al., 2024) and the pks package in R (Heller & Wickelmaier, 2013; Wick-

elmaier et al., 2024; see also Brancaccio et al., 2024). Other packages in R can be found in Hockemeyer (2024). 

 

 

Tests Based on CbKST 

 

In the tests developed within CbKST, each item is associated with the set of all skills relevant to its 

solution (Doignon, 1994; Heller et al., 2013). In conjunctive tests, it is necessary to master all the skills 

associated with an item to solve it. This means that an individual is capable of solving an item if their com-

petence state includes all the skills associated with that item. In disjunctive tests, it is sufficient to master any 

one of the skills associated with an item to solve it. This means that an individual is capable of solving an 

item if their competence state includes at least one of the skills associated with that item. The collection of 

all items that an individual is capable of solving based on their competence state is referred to as the 

knowledge state delineated by the competence state. The collection of the knowledge states delineated by all 

competence states constitutes a knowledge structure. 

As an example, consider the three skills a, b, and c, and assume that skill a is a prerequisite for skill 

b. This means that b cannot be mastered without also mastering a. Figure 1A shows the competence structure 

defined on the three skills, which contains six competence states. For instance, Ø, {a}, and {a, b} are the 

competence states of individuals mastering no skills, skill a only, and both skills a and b, respectively. In the 

figure, any competence state is connected by a path of upward-directed line segments to competence states 

containing it. The six competence states in the structure are all possible combinations of the three skills that 

are consistent with a being a prerequisite for b (i.e., where mastery of b implies mastery of a). Consider also 

a test consisting of five items, which are associated with the three skills as shown in Table 1. In the example, 
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Items 1 and 2 are associated with one skill, while Items 3, 4, and 5 are associated with two skills. If the test 

is conjunctive, it is necessary to master all the skills associated with a particular item to solve it. For instance, 

mastering both skills a and c is required to solve Item 4. Individuals with competence state {a, b} are capable 

of solving Items 1 and 3 because each of these items requires a skill included in the competence state, whereas 

they are not capable of solving Items 2, 4, and 5 because these items require skill c, which does not belong 

to the competence state. If the test is disjunctive, it suffices to master any of the skills associated with an item 

to solve it. For instance, mastering either skill a or c is sufficient to solve Item 4. Individuals with competence 

state {a, b} are capable of solving Items 1, 3, 4, and 5 because each of these four items is associated with at 

least one skill that belongs to the competence state, whereas they are not capable of solving Item 2 because 

this item requires skill c, which does not belong to the competence state. Table 2 shows the knowledge state 

delineated by each competence state if the test is conjunctive or disjunctive. Note that individuals mastering 

no skills (i.e., whose competence state is Ø) are capable of solving no item (i.e., their knowledge state is Ø), 

while individuals mastering all three skills (i.e., whose competence state is {a, b, c}) are capable of solving 

all five items (i.e., their knowledge state is {1, 2, 3, 4, 5}). Furthermore, an individual mastering all the skills 

of another individual plus additional skills is capable of solving all items that the first individual is capable 

of solving and some items more. For instance, suppose the test is conjunctive. An individual with skill a is 

capable of solving only Item 1, whereas an individual with both skills a and b is capable of solving not only 

Item 1 but also Item 3. Figures 1B and 1C illustrate the knowledge structures delineated by the competence 

structure in Figure 1A if the test is conjunctive or disjunctive, respectively. In Figures 1B and 1C, any 

knowledge state is connected by a path of upward-directed line segments to knowledge states containing it. 

 

TABLE 1 

Example of test and associated skills 

 

Item Associated skills 

1 {a} 

2 {c} 

3 {a, b} 

4 {a, c} 

5 {b, c} 

 

 

TABLE 2 

Knowledge state delineated by each competence state if the test is conjunctive or disjunctive 

 

Competence state Delineated knowledge state  

if the test is conjunctive 
Delineated knowledge state  

if the test is disjunctive 

Ø Ø Ø 

{a} {1} {1, 3, 4} 

{c} {2} {2, 4, 5} 

{a, b} {1, 3} {1, 3, 4, 5} 

{a, c} {1, 2, 4} {1, 2, 3, 4, 5} 

{a, b, c} {1, 2, 3, 4, 5} {1, 2, 3, 4, 5} 
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FIGURE 1 

Competence structure on the three skills considered in the example (Panel A) and corresponding 

knowledge structures if the test is conjunctive (Panel B) or disjunctive (Panel C) 

 

 

Validation of the Competence Structure and the Test 

 

The competence structure and the test are theoretical models of the prerequisite relationship between 

skills and the association between items and skills, respectively. As such, they need to be empirically vali-

dated against individuals’ responses to the test items. Within CbKST, a probabilistic model suitable for this 

purpose is a competence-based extension of the basic local independence model (BLIM; Falmagne & Doi-

gnon, 1988a, 1988b), referred to as the competence-based local independence model (CBLIM; Heller et al., 

2015). The CBLIM takes into account that the competence states and the delineated knowledge states do not 

occur with the same frequency in the population of interest and that there may not be a perfect correspond-

ence between the items an individual is capable of solving based on the skills mastered (i.e., the knowledge 

state delineated by the competence state) and the items the individual actually solves (i.e., the response pat-

tern). For example, an individual may fail to solve an item they are capable of due to inattention, or they may 

solve an item they are not capable of by guessing the correct answer (e.g., when responding to a multiple-

choice item). These two conditions are referred to as careless error and lucky guess, respectively. The 

CBLIM estimates a probability distribution over the knowledge states, from which a probability distribution 

over the underlying competence states is derived, as well as a careless error and a lucky guess probability for 

each item. It is important to note that the terms “careless error” and “lucky guess” are appropriate in educa-

tional assessments where responses are coded as correct or incorrect. In clinical assessments, a “no” response 

from a person who should have answered “yes” is termed a false negative, whereas a “yes” response from 

person who should have answered “no” is termed a false positive.  

Methods for estimating CBLIM parameters from both complete (Heller & Wickelmaier, 2013; 

Stefanutti & Robusto, 2009) and missing data (Anselmi et al., 2016; de Chiusole et al., 2015a) are available 

in the literature, as well as methods for testing model assumptions (de Chiusole et al., 2013, 2015b) and local 

identifiability (i.e., the possibility of obtaining unique estimates for model parameters; Heller, 2017; Heller 

et al., 2015; Spoto et al., 2013; Stefanutti et al., 2012). The absolute goodness-of-fit of the CBLIM based on 

a specific competence structure and test can be assessed using Pearson’s chi-square statistic (Heller et al., 

2024). A p-value greater than .10 indicates satisfactory goodness-of-fit. The estimates of the careless error 

and lucky guess probabilities of the items are particularly informative about the wording of the items and the 

skills required to solve them. Specifically, a large careless error probability for an item might suggest that it 
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is poorly worded or confusing, or that it requires additional skills to be solved. Conversely, a large lucky 

guess probability for an item might indicate that the item somehow prompts the correct response (as may 

occur, e.g., in the case of a multiple-choice item with implausible distractors), or that some of the skills 

assumed to be necessary for solving it are indeed superfluous (Anselmi et al., 2012, 2013; Rupp & Templin, 

2008). Finally, if the sum of the careless error and lucky guess probabilities of a certain item exceeds 1, then 

this item provides invalid information for uncovering an individual’s competence state based on their re-

sponse to it (i.e., a correct response to the item suggests that the individual lacks some skills needed to solve 

it, while an incorrect response suggests that the individual masters all skills needed to solve it; Heller & 

Repitsch, 2012). 

 

 

Identification of the Competence State from the Responses to Test Items 

 

Within CbKST, the assessment of an individual’s competence state from their response pattern is a 

two-step process. The first step is to infer the individual’s knowledge state from the response pattern. Based 

on the individual’s response pattern and the knowledge state, careless error and lucky guess probabilities 

estimated from empirical data using the CBLIM, a likelihood is calculated for each knowledge state, ex-

pressing the plausibility of it being the individual’s knowledge state. The knowledge state with the highest 

likelihood is regarded as the individual’s uncovered knowledge state. The second step is to derive the com-

petence state from the knowledge state, and it is based on the skills associated with each test item. The 

competence state delineating the uncovered knowledge state is the individual’s uncovered competence state. 

Two elements influence the accuracy of the assessment. The first element is the likelihood of the 

individual’s uncovered knowledge state. The higher the value of this likelihood, the greater the confidence 

that the uncovered knowledge state corresponds to the individual’s actual knowledge state. The second ele-

ment is the possibility of uniquely identifying the competence state underlying the uncovered knowledge 

state. If distinct competence states delineate distinct knowledge states, then the competence state of any 

individual can be uniquely uncovered from their knowledge state. Conversely, if distinct competence states 

delineate the same knowledge state, there is no guarantee that the individual’s competence state can be 

uniquely uncovered. A test is said to be fully informative in the first case and nonfully informative in the 

second case (Anselmi et al., 2022). 

Consider again the example of the five-item test measuring three skills. If the test is conjunctive, 

then distinct competence states delineate distinct knowledge states (Table 2, Figure 1B). Assuming that {1, 

2, 4} is an individual’s uncovered knowledge state, then {a, c} would be that individual’s uncovered com-

petence state. If the test is disjunctive, then competence states Ø, {a}, and {c} delineate distinct knowledge 

states (Ø, {1, 3, 4}, and {2, 4, 5}, respectively), whereas competence states {a, c} and {a, b, c} delineate the 

same knowledge state {1, 2, 3, 4, 5} (Table 2, Figure 1C). If {1, 3, 4} is an individual’s uncovered knowledge 

state, then {a} is their uncovered competence state. If {1, 2, 3, 4, 5} is an individual’s uncovered knowledge 

state, then their competence state could be either {a, c} or {a, b, c}, indicating that while the individual 

certainly masters skills a and c, their mastery of skill b is uncertain. In this case, if {a, c} is taken to be the 

individual’s uncovered competence state, we can confidently identify which skills they master for sure, but 

we may underestimate their mastery. A high likelihood for the uncovered knowledge state, along with the 

presence of a unique competence state that delineates it, leads to a high likelihood that the uncovered com-

petence state is the individual’s actual competence state. 
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APPLICATION IN EDUCATIONAL ASSESSMENT 

 

The application described in this section pertains to the assessment of arithmetic skills, which 

are fundamental mathematical abilities necessary for performing basic operations with numbers and es-

sential for everyday problem solving and decision making. The data analyzed (available at 

https://osf.io/kgzsw/?view_only=19a7af3d9f214675909c236942f4e395) were collected as part of a study on 

the assessment of skill attainment in CbKST by Anselmi et al. (2017). A total of 129 children in the third 

year of primary school completed two equivalent paper-and-pencil versions of an arithmetic test two months 

apart. Only the pretest data are considered here. 

 

 

The Arithmetic Test 

 

The arithmetic test consists of 12 open-response items, and the responses were coded as correct or 

incorrect prior to analysis. Six skills are needed to solve the items: (a) addition without carrying, (b) subtraction 

without column borrowing, (c) addition with carrying, (d) subtraction with column borrowing, (e) multiplica-

tion, and (f) division. Table 3 shows the skills associated with each item. The test is conjunctive because all the 

skills associated with an item are assumed to be necessary to solve it. For example, Item 12 reads: “Francis has 

a total of 72 coloured pencils and wants to store them in nine pencil cases. He then decides to put another 17 

pencils in each pencil case. How many pencils will each pencil case contain?”, and it is assumed to require 

skills a (“addition without carrying”), c (“addition with carrying”), and f (“division”). Skill a is assumed to be 

a prerequisite for skill c, and skill b is assumed to be a prerequisite for skill d, which means that c cannot be 

mastered without also mastering a, and d cannot be mastered without also mastering b. Applying the considered 

prerequisite relations to the six skills results in the competence structure shown in Figure 2. This structure 

consists of 36 competence states, representing 36 different profiles of the six skills that are expected to charac-

terize primary school students. It should also be noted that, consistent with the defined prerequisite relations, 

any competence state that includes c also includes a, and any competence state that includes d also includes b. 

 

TABLE 3 

Arithmetic test items and associated skills 

 

Item Associated skills 
Careless error 

probability 

Lucky guess 

probability 

Careless error plus 

lucky guess probability 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

{a, b, c, d} 

{a, e, f} 

{a, e, f} 

{a, b, c, d, e} 

{a, b, c, d} 

{b, d, e} 

{a, b, c, e} 

{f} 

{e} 

{a, c, f} 

{a, f} 

{a, c, f} 

.337 

.039 

.066 

.397 

.137 

.072 

.143 

.095 

.066 

.500 

.026 

.068 

.000 

.216 

.108 

.046 

.071 

.340 

.252 

.337 

.555 

.000 

.151 

.000 

.337 

.255 

.173 

.443 

.208 

.412 

.395 

.432 

.620 

.500 

.177 

.068 

Note. a = addition without carrying; b = subtraction without column borrowing; c = addition with carrying; d = subtrac-

tion with column borrowing; e = multiplication; f = division. 
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FIGURE 2 

Competence structure on the six skills considered in the arithmetic test 

Note. a = addition without carrying; b = subtraction without column borrowing; c = addition with carrying; d = subtraction  

with column borrowing; e = multiplication; f = division. 

 

 

Results 

 

Validation of the Competence Structure and the Test 

 

The goodness-of-fit of the CBLIM to the data is satisfactory: Pearson’s chi-square statistic = 4420.6, 

df = 4055, bootstrapped p = .115. With the exception of the careless error probability of Item 10 and the 

lucky guess probability of Item 9, all other lucky guess and careless error probabilities are quite low (Table 

3). For no item is the sum of the careless error and lucky guess probabilities greater than 1. Taken together, 

these results suggest that the prerequisite relationships among the skills are valid and that the items are well 

formulated, actually require the skills they are supposed to require, and provide valid information for evalu-

ating skill mastery. 

 

 

Identification of the Competence States from the Responses to Test Items 

 

The median of the likelihoods of the students’ uncovered knowledge states is .976 (first and third 

quartiles = .867, .999). This result indicates that, overall, there is a high level of confidence that the uncovered 

knowledge states correspond to the students’ actual knowledge states.  

The 36 competence states in Figure 2 delineate only 17 distinct knowledge states, indicating 

that the test is not fully informative. For 87 of the 129 students, there is a unique competence state that 
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delineates the uncovered knowledge state. Thus, given the high level of confidence that the uncovered 

knowledge states correspond to the students’ actual knowledge states, we can be confident about the 

skills mastered by these 87 students (i.e., that their  uncovered competence states reflect their actual 

competence states). For the remaining 42 students, there is no unique competence state delineating their 

uncovered knowledge state. In this study, the uncovered competence state of each of these 42 students  

is taken to be the one that consists only of those particular skills that the students master for sure. Eight 

competence states are identified based on the student’s responses to the 12 items: Ø, {a, c, f}, {a, b, c, 

d}, {a, b, c, d, f}, {a, b, c, d, e}, {a, b, d, e, f}, {a, b, c, e, f}, and {a, b, c, d, e, f}. Of these, the uncovered 

competence states of the 42 students without unique skill assessment are either Ø or {a, c, f}. It is 

possible that these 42 students master additional skills. However, their mastery cannot be uniquely 

identified from the test items. 

Table 4 shows the number of students with each uncovered competence state and the number of students 

with a given score and uncovered competence state. The most frequently uncovered competence states are {a, b, 

c, d, e, f}, Ø, {a, b, c, d, e}, and {a, b, c, d, f}, which characterize 53, 40, 15, and 12 students, respectively.  

Due to careless errors and lucky guesses, students with the same competence state may have differ-

ent test scores. For example, the test scores of the 12 students with competence state {a, b, c, d, f} range from 

4 to 8 (Table 4). The knowledge state delineated by competence state {a, b, c, d, f} is {1, 5, 8, 10, 11, 12}. 

Since these students are capable of solving six items, their expected test score is 6 if neither careless errors 

nor lucky guesses occur. The observed test scores of these students range from 4 to 8. Thus, some of them 

responded carelessly to up to two items, while others guessed the responses to up to two items. 

Students with the same test score may have different competence states. For example, the un-

covered competence state of the six students with a test score of 6 is either {a, b, c, d, f} or {a, b, c, d, 

e} (Table 4). 

 

TABLE 4 

Number of students with a given score at the arithmetic test and uncovered competence state 

 

Test 

score 
Freq. (Prop.) 

Uncovered competence state 

Ø {a, c, f} {a, b, c, d} {a, b, c, d, f} {a, b, c, d, e} {a, b, d, e, f} {a, b, c, e, f} {a, b, c, d, e, f} 

40 (.310) 2 (.016) 1 (.008) 12 (.093) 15 (.116) 1 (.008) 5 (.039) 53 (.411) 

0 8 (.062) 8 0 0 0 0 0 0 0 

1 11 (.085) 11 0 0 0 0 0 0 0 

2 6 (.047) 6 0 0 0 0 0 0 0 

3 9 (.070) 8 0 1 0 0 0 0 0 

4 11 (.085) 5 2 0 2 2 0 0 0 

5 7 (.054) 2 0 0 3 2 0 0 0 

6 6 (.047) 0 0 0 2 4 0 0 0 

7 8 (.062) 0 0 0 2 4 1 0 1 

8 11 (.085) 0 0 0 3 2 0 3 3 

9 12 (.093) 0 0 0 0 1 0 2 9 

10 12 (.093) 0 0 0 0 0 0 0 12 

11 18 (.140) 0 0 0 0 0 0 0 18 

12 10 (.078) 0 0 0 0 0 0 0 10 

Note. a = addition without carrying; b = subtraction without column borrowing; c = addition with carrying; d = subtraction with column 

borrowing; e = multiplication; f = division. 
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Discussion 

 

Based on the results of the assessment, the 129 students are characterized by eight different com-

petence states, and we can be quite confident that these represent the students’ actual competence states. 

However, there are 42 students for whom the test does not provide enough information to unambiguously 

identify the mastered skills. Students with the same competence state may have different test scores and 

students with the same test score may have different competence states. In educational assessment, con-

sidering an individual’s competence state rather than relying solely on their test score provides powerful 

information for developing personalized didactic interventions. For example, an intervention for a student 

with competence state {a, b, c, d, f} should aim to promote the attainment of skill e (“multiplication”), 

whereas an intervention for a student with competence state {a, b, c, d, e} should aim to promote the 

attainment of skill f (“division”). 

 

 

APPLICATION IN CLINICAL ASSESSMENT 

 

The application described in this section pertains to the assessment of social phobia, which is de-

fined as an excessive and unreasonable fear of social situations. Social phobia is one of the most common 

anxiety disorders and one of the most common psychiatric disorders overall (Kessler et al., 2005; National 

Collaborating Centre for Mental Health, 2013). The data analyzed (available in Robitzsch et al., 2022) consist 

of the responses of 863 individuals to a social phobia test, which were simulated based on the results of an 

empirical study conducted by Fang et al. (2019) using the same test. 

 

 

The Social Phobia Test 

 

The test consists of 13 yes/no items from the National Epidemiological Survey on Alcohol 

and Related Conditions (Grant et al., 2003), designed according to the Diagnostic and Statistical Man-

ual of Mental Disorders, Fourth Edition (American Psychiatric Association, 1994). Fang et al. (2019) 

analyzed the responses to these items and identified three symptoms of social phobia that are respon-

sible for an affirmative answer: (a) fear of public performance, (b) fear of scrutiny, and (c) fear of 

interaction with other people. Table 5 shows the symptoms associated with each item. The test is 

disjunctive because it is assumed that any one of the symptoms associated with an item is sufficient 

for an affirmative response. For example, it is sufficient for an individual to be afraid of performing 

in public (symptom a) or being scrutinized (symptom b) to respond affirmatively to Item 3 “[Have you 

ever had a strong fear or avoidance of] taking part or speaking at a meeting .” Additionally, the authors 

assumed that symptom a is a prerequisite for both symptoms b and c, meaning that a person must be 

afraid of performing in public (symptom a) in order to be afraid of being scrutinized (symptom b) or 

of interacting with other people (symptom c). Applying the considered prerequisite relations to the 

three symptoms results in the competence structure shown in Figure 3, which consists of five compe-

tence states. 
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TABLE 5 

Social phobia test items and associated symptoms 

 

Item Associated symptoms 
False negative  

probability 

False positive  

probability 

False negative plus false 

positive probability 

1 {a} .052 .488 .540 

2 {a, b} .116 .250 .366 

3 {a, b} .214 .122 .336 

4 {a, b, c} .187 .183 .370 

5 {b} .243 .138 .382 

6 {b} .644 .047 .691 

7 {b, c} .349 .144 .493 

8 {b, c} .417 .179 .596 

9 {c} .632 .019 .651 

10 {c} .076 .171 .247 

11 {c} .099 .182 .281 

12 {b, c} .515 .150 .665 

13 {b, c} .768 .003 .771 

  Note. a = fear of public performance; b = fear of scrutiny; c = fear of interaction with other people. 

 

 

 
FIGURE 3 

Competence structure on the three symptoms considered in the social phobia test 

Note. a = fear of public performance; b = fear of scrutiny; c = fear of interaction with other people. 

 

 

Results 

 

Validation of the Competence Structure and the Test 

 

Investigating the goodness-of-fit of the CBLIM to the data is not relevant in this study because the 

competence structure (Figure 3) and the disjunctive test (Table 5) are the same as those used to simulate the 

data. If the estimates of the false negative and false positive probabilities are similar to those observed in 

empirical data, they provide valuable information about the test and its assessment capabilities. One possible 

interpretation is that the estimates of the false negative and false positive probabilities may reveal tendencies 

to dissimulate or simulate the symptoms evaluated by the items, respectively. Under this interpretation, 
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dissimulation may be particularly likely for Items 6, 8, 9, 12, and 13, which have high false negative proba-

bilities, while simulation may occur for Item 1, which has a high false positive probability (Table 5). Another 

possible reason for high false negative probabilities could be individuals’ poor awareness of their own symp-

toms. For no item does the sum of the false negative and false positive probabilities exceed 1 (Table 5), 

suggesting that the items provide valid information for evaluating the presence of symptoms. 

 

 

Identification of the Competence States from the Responses to Test Items 

 

The median of the likelihoods of the individuals’ uncovered knowledge states is .871 (first and third 

quartiles = .728, .982), indicating a high level of confidence that these knowledge states correspond to the 

individuals’ actual knowledge states. The five competence states in Figure 3 delineate five distinct 

knowledge states, which means that the test is fully informative. Thus, the competence state of any individual 

can be uniquely uncovered from their knowledge state. Given the high level of confidence that the uncovered 

knowledge states correspond to the individuals’ actual knowledge states, along with the test’s full informa-

tiveness, there is a strong level of confidence that the uncovered competence states reflect the individuals’ 

actual competence states. 

Table 5 shows the number of students with each uncovered competence state and the number of 

individuals with a given score and uncovered competence state. Competence state Ø is the most frequent, 

followed by {a}, {a, b, c}, {a, b}, and {a, c}.  

Due to false negative and false positive responses, individuals with the same competence state may 

have different test scores. For example, the test scores of the 243 individuals with competence state {a} range 

from 3 to 7 (Table 6). The knowledge state delineated by competence state {a} is {1, 2, 3, 4}. Since these 

individuals are expected to respond affirmatively to four items, their expected test score is 4 if neither false 

negatives nor false positives occur. It is worth noting that 4 is the most frequently observed test score among 

these 243 individuals, with 81 of them achieving it. However, since the observed test scores of these individuals 

range from 3 to 7, some had a false negative on one item, while others had false positives on up to three items. 

Additionally, individuals with the same test score may have different competence states. For exam-

ple, the uncovered competence state of the 48 individuals with a test score of 10 is {a, b}, {a, c}, or {a, b, 

c}, although {a, b, c} is the most frequent among them (40 out of 48 individuals; Table 6). 

 

 

Discussion 

 

Based on the results of the assessment, we can conclude that the 863 individuals are characterized 

by five different competence states, and we can be fairly confident that these represent the individuals’ actual 

competence states. In clinical assessment, considering an individual’s competence state rather than relying 

solely on their test score provides powerful information for developing personalized therapeutic interven-

tions. For example, intervention for an individual with competence state {a, b} should focus on resolving 

symptoms a and b of social phobia (fears of public performance and scrutiny, respectively), whereas inter-

vention for an individual with competence state {a, c} should focus on resolving symptoms a and c (fears of 

public performance and interaction with other people, respectively). 
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TABLE 6 

Number of individuals with a given score at the social phobia test and uncovered competence state 

 

Test 

score 
Freq. (Prop.) 

Uncovered competence state 

Ø {a} {a, b} {a, c} {a, b, c} 

309 (.358) 243 (.282) 100 (.116) 68 (.079) 143 (.166) 

0 43 (.050) 43 0 0 0 0 

1 76 (.088) 76 0 0 0 0 

2 81 (.094) 81 0 0 0 0 

3 111 (.129) 67 44 0 0 0 

4 123 (.143) 37 86 0 0 0 

5 86 (.100) 5 71 6 2 2 

6 88 (.102) 0 37 21 21 9 

7 56 (.065) 0 5 33 10 8 

8 54 (.063) 0 0 18 19 17 

9 60 (.070) 0 0 18 11 31 

10 48 (.056) 0 0 3 5 40 

11 28 (.032) 0 0 1 0 27 

12 9 (.010) 0 0 0 0 9 

13 0 (.000) 0 0 0 0 0 

  Note a = fear of public performance; b = fear of scrutiny; c = fear of interaction with other people. 

 

 

FINAL REMARKS 

 

CbKST allows for uncovering the attributes (skills, abilities, symptoms of a disorder) that an indi-

vidual possesses based on their responses to each of the test items. As such, it represents a sharp departure 

from CTT and IRT, which aggregate information across items by forming a test score. This work has outlined 

the main characteristics of an assessment conducted within CbKST, exploring different areas of assessment 

(educational and clinical), types of tests (conjunctive and disjunctive), and the informativeness of the tests 

(fully informative and nonfully informative). Within CbKST, it is possible to evaluate the confidence with 

which the uncovered competence state represents the individual’s actual competence state. Based on the 

individual’s competence state, personalized interventions can be developed. This section builds on the pre-

vious sections and extends the argument in several directions. 

Some works within CbKST have focused on the properties of tests that allow for uniquely uncovering 

the skills an individual masters from their item responses (Heller et al., 2015, 2017). Methods have been proposed 

for developing tests that are as informative as possible about the skills mastered and, if desired, also minimal 

(i.e., no item can be removed without reducing the informativeness of the tests; Anselmi et al., 2022; Anselmi, 

Heller, Stefanutti, & Robusto, 2024). These methods have been successfully used to develop new tests from 

scratch and to shorten and improve existing tests (Anselmi, Heller, Stefanutti, Robusto, & Barillari, 2024). An 

application of these methods to the 12-item arithmetic test considered in this work would indicate which specific 

items should be added to make the test fully informative. For example, adding an item that requires skills a and 

c would allow for unambiguously determining whether an individual masters both skills a and c or skill a only. 

This distinction is not possible with the original 12-item arithmetic test. Similarly, an application of these methods 
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to the 13-item social phobia test would indicate which specific items could be removed without making the test 

less informative. For example, a shortened form consisting of Items 4, 5, and 9 is as informative about the symp-

toms of social phobia experienced by the individuals as the original 13-item test. 

The CbKST assessment illustrated in this work is based on the administration of all test items. How-

ever, CbKST also enables computerized adaptive assessments that aim at accurately uncovering an individual’s 

competence state by presenting them with a minimum number of items (Anselmi, de Chiusole, & Heller, 2024; 

Anselmi et al., 2016; Dowling & Hockemeyer, 2001; Falmagne & Doignon, 1988a, 1988b; Heller & Repitsch, 

2012). The items presented next are appropriately selected based on responses to previously administered items. 

The assessment is tailored to the individual (i.e., they are presented with items that are neither too difficult nor 

too easy for them) so that it is neither demotivating nor boring. Implementations of CbKST include Stat-

Knowlab (de Chiusole et al., 2020), PsycAssist (de Chiusole et al., 2024), and ATS-PD (acronym for Adaptive 

Testing System for Psychological Disorders; Donadello et al., 2017), which are designed for the adaptive as-

sessment of basic statistics, neuropsychological functioning, and psychological disorders, respectively. 

CbKST is not the only framework that can be used to identify the attributes that an individual pos-

sesses from their responses to test items. Cognitive diagnostic models (CDMs; DiBello et al., 2007; Rupp et 

al., 2010; Tatsuoka 1990) also serve this purpose. CbKST and CDMs have developed more or less inde-

pendently in parallel for decades, with essentially no crosstalk between them. Each uses its own notation and 

defines its own concepts. However, there is a close correspondence between these two frameworks, ranging 

from very basic concepts to specific models. The interconnections between CbKST and CDMs were first 

established by Heller et al. (2015, 2016) and further elaborated by Anselmi, Noventa, and Heller (2024), 

Heller (2022), Noventa et al. (2024), and Stefanutti et al. (2025). 

The CbKST assessment illustrated in this work relies on conjunctive or disjunctive tests consisting 

of dichotomous items. However, the theory allows for the assessment to be extended in at least two ways. 

On the one hand, it allows for handling tests where multiple strategies can be used to solve the items, each 

involving the application of one or more skills (Heller et al., 2013; Heller & Stefanutti, 2024). For example, 

consider the item “A bag contains 5-cent, 10-cent, and 20-cent pieces. The probability of drawing a 5-cent 

piece is .35, that of drawing a 10-cent piece is .20 and that of drawing a 20-cent piece is .45. What is the 

probability that the coin randomly drawn is a 5- cent or a 20-cent piece?” A student could solve this item 

using either the union of mutually exclusive events or the probability of the complement of an event (Anselmi 

et al., 2012). On the other hand, recent developments in KST (Heller, 2021; Stefanutti, Anselmi, et al., 2020; 

Stefanutti, de Chiusole, et al., 2020; see also Schrepp, 1997) and CbKST (Stefanutti et al., 2023) provide the 

necessary tools to assess the skills an individual possesses based on their responses to polytomous items. In 

some cases, polytomous items are preferable to dichotomous items because they allow for a more nuanced 

or refined assessment. Developing CbKST assessments for polytomous items along the lines sketched above 

will be the aim of future work. 
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